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Hardy-Littlewood Maximal Theorem .
Let he LCRd
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X) and 230 . The

d . x(Ns(A* h)) = 39Ilhll .
In fact

,
2 . x(Ds(Ah) <3

%
PhI

,
where An

:=spArth) is the co-called

Hardy-Littlewood maximal function.

Proof
.

Denote D := Dalth) := Extr :P Arth 23 and note that for each

XED Where is PEREI such that Anhkd , equivalently :

(4)dx = 2 - x(Bry(x)). It· Br(x)

2

Wevant to decuce from this that /14/dxdX(*).

up to a constant multiple .

If there were only countable many such balls and they were pairwise disjoint,
then by ctbl additivity of the integral and H)

,
we would get/11dxX(R)

Then
,

the following tilinglenna is critical :

Vitali Covering Lemma
.

It DERA be
any

X-measurable set of positive measure

and let I be a cover of D with balls (in
, say ,

do metric). For each 0

a < X(*)
,

there is a finite disjoint subcollection Io : I such that

x /WB) = to a.
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.



Granted this lemma
,

we finish the proof of the Hardy-Littlewood theorem as

follows. For each a < X (0) let C : = > Br(x) : x& ] and get a

finite disjoint 20 : I from the Vitali covering lenua
,

so x/Col Tea ,

where Co :=B .

Meni ybg(t)
11411

,= dx
=I kidx[x(B)

= d .xodeL.i Be To

Proof of Vitalicovering
. By choosing a large enough ball B ,

we have that

X/DRBLc a
,

so by replacing D will DAB
,

we may assure that X(0) < 8·

Now lighten applies and gives a compact RED with X(K) - a
,

so replacing
* with K

,

we

way assume bat d is repact .
Since I is a cover of N,

there is a finite subrever t= C. Enumerate I by decreasing diameter

of balls : B
, .

. .,
Bu .

We greadily define a disjoint subsequence of this ball :

let n= 1
,

then 12 : = min hi : BilBn
,
= 07,

then 12 : = min Si : Bi 1 (Bn
, VBun) = 01*

na := min (i : Bi 1VBnj
=Q

D ·

For a ball B let B denote the ball with the same under but 3 times the radius.

Then we ckin that Br>Bi .

Indeed
,

for each is 1
....,
3

,
there is

↓

njss such that BujdBiF0,
so Buj ? Bi because

Bajit Tip
:
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the radies of Buj is a the radius of Bi.
.

But the

↑ I Buj)= (j) =j=j) JB :) 25x(0) .

Technical Stengthening of Lebasque Differentiation. For
any tell .. (IRI, X and for

a
. e

.
XoElRd,

XB(xd)f()-fldx]- It

Proof
.

We know fer a fixed to
, applying the Lebergue diff. thm .

to (f(x)-flxo,
we get that for a small set Ex

.
-IRd

,

for
every Xe Xo

,
we have :

I If (y) -f(x0))dx(y) = | f(x) - f(x))
.lim x(Brx i&

If xo (xo
,

then we get Itt) ,
but xo may

not be in Exo .
We would like

to Lake & Exo and "hope" that it is still a comul set
.

To make this inteilive
XotIRd

ida work
,

we use Q.

For each ge ,
we apply the Leb

,

diff
.

Hm
,

to f-y and obtain a small

C = Id such that for all xeCy ,
we have

If (y) - y(dx (y) = (f(x) - 9) .Ex,i



New C : = 1 Cy is indeed sonall and we verify (H) for each XoE 2 .
G

Fix Xot) and 230
.

Let ge with If(x) - glc2 ·

Decote c = flxo).
I

Then for each>0
, ↓ triangle iney

Arlf-c(x)=xd)dx = +
*Brkollfold
If(xd-yl + 1- 3.

Def
.
For x 1R9

,
we

sy that a family (Brbrso of X-measurableat

shrinks nicely to x if 7 pe10 ,
1) sid that Er >O

I
(i) Br = Br(x)

(ii) x (5r) = p . X (Br(x) · Sp:

B-1

Cor (another strengthening of Leb
.
diff

.

Thm)
,

For each fe L(IR) and a
.

e
. xERI

him Iresox(Br())f(y)-f(x)
for each family (BrHrso that shrinks nicely do x.

Proof
.

We know but for a .
e

.

xIR9,
him Iresox(Br(x))f(y)-f(x)d

Let [Bibryo be a family chrinking nicely box ,
i

. e. Here is a peco, 1



ich that for all rad
,
Bria)Br(x) and X(BI) = p . x(Br(x).

TheBia)(s)-dr -> 0

Ubesque Differentiation of singular measures.

We proved that for a loc
.

finite Boel measure in on IRY
,
if Max ,

One

An MB=) N Wat if uX ? For expee a
be the pushforward of Benoullitt) measure

from I to the standard Castor set <90
,

1. Then for each xRIC ,

we have M(Br() =0 for small enough >0 beare Br IRIC.

Thus
,
lin M/Brk) = 0 for all xEIRIC

,
heare for -a . e

.

xER
.

n + 0x(Br(x))

This is true more generally :

Them
.

Let he be a loc .
finite Bol measure on IR ! If M + X ,

ther for

X- a . e
.

x-1R& and
any family (Brkloo Heat stricks nicls to x,

Min MB )
= 0.

Proof
.

It's enough to
prove for balls in do bease

,
if pe(o, 1) is the sticking



nicely constant
,

then

M(Br() =
M(Br()

= 0av
+ 0.

x(Br(x) p . X(Br(x)

By M1X ,
we have IRC = Xx LIXm ,

where Xx is -conall and Xu is

h-couall . It is enough to show that the sets

En : = (x + XX : hiccupMr
are I wall bea 2d= NewtEyn is then Jamall. Fix 350 and

showx(72) < 3.

By the regularity of
M, since M(za) = P

,
there is an open set U2 zo with

↑ (U) > E . d/39. Now for each E22 Where is #O such that Br(x) = U and

M(Br(x))
> d (*)

↑ (Brc(x))

by the definition of limsup .

Then U ? WBr(x) = Ea
,

so we may replace U with
x[72

UBr(x) and assume that R
=Brx() · In particular, 2 : = G Bry( : x (Ex)

X+ 72
is a cover of U so for each positive a < X(U)

,

the Vitali covering lemma

gives a finite disjoint 20t with X(UBK1/39
.

Then
Be To

a > 39x/(B) = 342x(B),I MIB(x=WB)M(u)3BE % o
BETo 2

(*)

Since a < X(U) is arbitrary ,
we yet X(U) > 3

,
so X(Es) < &

,
as desired.


